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Postbuckling of Stiffened Panels Using Strut, Strip,
and Finite Element Methods
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Postbuckling results are presented for isotropic stiffened panels loaded in compression. Comparisons are made
between single-bay and double-bay � nite element (FE) models (where “bay” denotes a repeating portion, between
supports, in the load/length direction) and a new strut model, following a Shanley-type approach, for single-bay
and multibay panels. The strut model has been incorporated within the strip program VIPASA with CONstraints
and OPTimization (VICONOPT) to design a multibay example panel with postbuckling reserve of strength in its
skins, assuming linear elastic material properties. The panel has been shown by VICONOPT to have a stiffener
buckling failure mode when an overall sinusoidal imperfection causing increased stiffener compression is present.
The failure is con� rmed by the double-bay FE model, which is shown to be an imperfect representation of the
multibay case. Single-bay analysis using the strut model shows good agreement with the single-bay FE results.
The VICONOPT code is able to design a metallic panel of realistic dimensions and loading using 50 strip elements
(compared with the 9600 shell elements required by the � nite element model) but cannot correctly account for
material nonlinearity. The important phenomenological difference between postbuckling of single-, double-, and
multibay panel models are indicated.

Nomenclature
EI = bending rigidity of strut/panel
esk = offset between load and neutral axis
l = length of panel/strut
P = axial load
PE = Euler or overall buckling load
PE;sk = Euler or overall buckling load of skin-buckledpanel
Psk = skin buckling load
rL = factor of ultimate design load at which local skin

buckling occurs
rs = postbuckling to prebuckling stiffness ratio
v.x/ = de� ection of strut
± = midlength de� ection of strut
±0 = amplitude of initial imperfection
±0;sk = amplitude of initial imperfection for skin-buckledpanel
¸ = half-wavelengthof buckling mode

I. Introduction

S TIFFENED panels, used extensively within the aerospace in-
dustry,can have a considerablepostbucklingreserveof strength

in their skins, enabling them to remain in stable equilibrium under
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loads in excessof theircriticallocalbucklingload.By allowingsuch
designs to buckle in a stablemanner, for example, between limit and
ultimate design loads, it is possible to save a signi� cant amount of
mass compared to designs for which buckling is not permitted.

Many different techniques1¡3 have been developed to model the
buckling and postbuckling behavior of stiffened panels. These in-
clude � nite-strip methods and exact strip methods for preliminary
analysis/design and � nite element (FE) methods that use shell ele-
ments and are suitable for detailed analysis/design. All such tech-
niques make assumptionsabout the loadingdistributionin the struc-
ture, especially when modeling the panel as an individual compo-
nent, separate from the complete structure, for example, the wing
box.

The preliminary design program VICONOPT3 (VIPASA with
CONstraints and OPTimization) representsplates as strips for buck-
ling and postbuckling analysis but uses strut theory to account for
out-of-plane load distribution. The exact strip theory considers the
panel to be in� nitely long (multibay) with transverse ribs at longi-
tudinal spacing l, thus modeling a panel of length l that is simply
supportedwith warping of the entire cross section allowed. For this
multibay case uniform end strain is assumed for the whole panel
cross section throughout loading, so that as the skin buckles, and
its stiffness is reduced, the point at which the load is applied effec-
tively moves away from the skin to the new (buckled) neutral axis
position. As previously shown,4 these boundary conditions do not
arise when considering a single-bay FE model, simply supported
over length l. Here, the end-load position remains � xed when the
skin buckles, so that an offset between load and new neutral axis
position causes the panel to always fail on its skin side, regardless
of the direction of an overall sinusoidal imperfection; experimental
tests on single-bay panels4 have shown this to be a stable form of
failure. The former multibay case has an increased stiffener load
after skin buckling compared with the single-bay case and there-
fore can lead to stiffener-inducedfailure of the panel that could be
highly unstable.5 The multibay approach is a better representation
of an actual aircraft wing box, where panels are continuous over
ribs.

In this paper the strut theory, used to describe the load vs out-of-
plane de� ection relationship before and after initial skin buckling
for single-bay and multibay conditions, is developed � rst. The aim
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is then to compare the effects of these differentboundaryconditions
on the initial and postbucklingbehavior of an optimized J-stiffened
panel. This panel was designed using a recently developed version
of VICONOPT6;7 that estimates the postbuckled stiffnesses of the
buckled plates. Comparisons will be made between results given by
VICONOPT and a seriesof ABAQUS8 (FE) single-bayand double-
bay panel models, where the double-baymodel is an approximation
of the multibay case.

II. Strut Theory and Shanley Model
Nonlinear, out-of-plane de� ections arise at the midlength of a

compressivelyloaded panel when either an initial sinusoidal imper-
fection of amplitude ±0 is present (Fig. 1a) or some of the compres-
sive load is offset from the neutral axis of the panel (Fig. 1b). Strut
theory is used in VICONOPT to calculatethese de� ections; it is also
used in Sec. IV.D to compare results for single- and multibay cases.

Fig. 1a Strut model for initial sinusoidalimperfection ±0 when P < Psk.

Fig. 1b Strut model for initial sinusoidal imperfection ±0;sk and offset
load when P >– Psk.

a) b)

c) d)

Fig. 2 Shanley model of stiffened panel: a) initially perfect case for P < Psk with skin and stiffener stiffness both k; see panel b, giving equilibrium
path OA in panel c; d) initially imperfect case for P >Psk with skin stiffness reduced to rsk; see panel b, giving equilibrium path O0AB in panel c.

The basis for this theory follows from the Shanley model, which
can be adapted to illustrate the pre- and postbuckling behavior of
stiffened panels.9 The sudden reduction in stiffness in the skin of
a stiffened panel that occurs when a critical skin-buckling load is
reached also occurs in the Shanley model, where part of the model
is made to reduce in stiffness at a critical load. This model is brie� y
described here to introduce some of the concepts that will later be
applied to the strut equations of Sec. II.B.

A. Shanley Model
Figure 2a shows the Shanley model used to represent the stiff-

ened panel, with one spring representing the stiffeners and the other
representing the skin. In the case shown here the system is ini-
tially loaded along its neutral axis, and no initial imperfection is
present. For simplicity, it has been assumed that both skin and stiff-
ener springs initially have stiffness k. At a (critical) total load of
P D Psk, that is, when the load in the skin is Psk=2, the stiffness of
the skin is reduced to rs k to approximate the effect of local buckling
(Fig. 2b). For loads above Psk, this reduced stiffness results in ro-
tation of the structure, indicated by µ in Fig. 2a. Hence, at P D Psk

the response of the system switches from equilibrium path OA on
Fig. 2c to path AB. Such a switch introduces an effective negative
(initial) imperfection µ0 to the reduced stiffness structure, the value
of which depends on both the reduced spring stiffness and the crit-
ical load Psk. This value of µ0 can be obtained by considering the
unloaded system of Fig. 2d, which has skin stiffness rsk, and 1L is
the extension required to make the imperfect equilibriumpath O 0 B
pass through A.

After the skin reduces stiffness there is no sudden jump in
rotationµ despite a suddenchange in the positionof the neutralaxis,
resulting in a sudden offset between it and the position at which the
load is applied. The reduction in stiffness of one of the springs only
affects the additionalload applied above Psk, and thus the rotationof
the structure is zero at Psk and smoothly increaseswith incrementof
load above Psk. This behavior is similar to the case of the stiffened
panel, loaded along its original neutral axis both before and after
skin buckling. Here there is also a sudden change in stiffness when
a critical load is reached, and, like the Shanley model, the change in
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stiffness only affects the extra load applied above the critical load.
Hence, using these ideas, strut equationsare now developedto form
a simpli� edmodelof thepre-andpostbuckledbehaviorof a stiffened
panel.

B. Strut Theory
For loads below the skin-buckling load Psk, there is no offset be-

tween load and neutral axis, and the midlength (x D l=2) de� ection
± (see Fig. 1a) is given by the following well-known equation:

± D ±0

.1 ¡ P/=PE
(1)

where

± D v.l=2/ C ±0 (2)

After the skin has buckled, that is, P ¸ Psk, the situation is more
complex,andmodelscanbedevelopedto describesingle-andmulti-
bay cases. For the single-bay case, where the load remains applied
at the neutral axis of the original (unbuckled) panel, an offset esk

is introduced to represent the offset associated with the load above
Psk, (see Fig. 1b). Hence, the following differential equation can be
obtained in terms of v.x/:

EI
d2v

dx2
D Pskesk ¡ P

³
esk C v C ±0 sin

¼x

l

´
(3)

Solving Eq. (2) for the midlength (x D l=2) de� ection ± gives

± D ±0;sk

1 ¡ .P=PE ;sk/
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¼
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P

PE ;sk

´
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¶
(4)

Values of PE;sk and esk can be calculatedby assuming that the elastic
modulus of the skin is reduced by factor rs following buckling.The
amplitudeof the initial imperfectionfor the skin-buckledpanel ±0;sk,
which can be thought of as being similar to µ0 for the preceding
Shanley model, is given by equating Eqs. (1) and (4) with P D Psk.
Hence,

±0;sk D
±0

.1 ¡ Psk/=PE
£

³
1 ¡

Psk

PE;sk

´
(5)

To model the multibay case, where the panel is loaded assum-
ing uniform end shortening both before and after skin buckling so
that the load effectively follows the shift in neutral axis as the skin
buckles, Eqs. (4) and (5) can still be used, but with esk set to zero.

In a stiffenedpanel the magnitudeof the skin-bucklingload varies
with the midlengthde� ectionarisingfrom the initial imperfectionof
the panel. The following equation is used to account for this effect:

Psk D ¾sk

1=A C ±ysk=I
(6)

where A and I are the cross-sectional area and second moment
of area, respectively, of the panel; ysk is the distance between the
neutral axis and skin midthickness of the unbuckled panel, and ¾sk

is the skin-buckling stress for the perfect (±0 D 0) panel. ¾sk can be
found by using an approximationsuch as the followingwell-known
equation for the buckling of a plate:

¾sk D K E.t=b/2 (7)

where K is a suitableconstantfor theplate boundaryconditions,E is
the elastic modulus, t is the thickness of the plate, and b its width.
Alternatively¾sk can be obtainedfrom an analysisof the panel using
a program such as VICONOPT. For the results that follow, ¾sk was
obtained using VICONOPT, and the values for PE and PE ;sk were
VICONOPT overall panel-bucklingloads rather than Euler loads.

III. VICONOPT Strip and Strut Model
VICONOPT3 (VIPASA with CONstraints and OPTimization) is

a FORTRAN 77 program that incorporates the earlier programs
VIPASA (Vibration and Instability of Plate Assemblies including
Shear and Anisotropy) and VICON (VIPASA and CONstraints).
It covers any plate assembly, that is, panel of constant cross section,
composedof anisotropicplates, each of which can carry any combi-
nationof uniformlydistributedand longitudinallyinvariantin-plane
stresses. It can be used as either an analysis or an optimum design
program. The analysis principally covers the calculations of eigen-
values, that is, the critical load factors in elastic buckling problems
or the natural frequenciesin undampedvibrationproblems.The lin-
ear elastic buckling analysis is based on the exact solution of the
governingdifferential equations of the constituentmembers, which
are assumed to undergo a deformation that varies sinusoidally in
the longitudinal direction yielding exact stiffness matrices whose
elements are transcendental functions of load factor or frequency
and the axial half-wavelength ¸ of the deformation. The resulting
transcendentaleigenproblemrequires an iterative solution,which is
performed using the Wittrick–Williams algorithm.10

VICONOPT assumes the panel to be an in� nitely long (multi-
bay) structure made up of portions, which include any supporting
structures such as ribs, which repeat at longitudinal intervals l. In
the simplest form of the buckling analysis,11 the mode of buckling
is assumed to vary sinusoidally in the longitudinal direction with a
half-wavelength¸. The critical buckling load is taken to be the low-
est buckling load found for any of a range of values of ¸, extending
from a value less than the smallest plate width up to the length l of
the panel. If, as in this paper, the panel has no applied shear force
and is fabricated from an isotropic material, then the nodal lines are
necessarily straight and parallel to the panel ends. Also, because ¸
divides exactly into l the boundary conditions are consistent with
simple supports at the ends of a panel of length l between ribs. This
analysis gives reasonably accurate results for laminated and other
anisotropic panels. However, for any panel carrying a signi� cant
shear load the results are conservative, particularly as ¸ ! l; such
cases require an alternative analysis12 that couples responses from
a series of ¸ using Lagrangian multipliers to enforce the end con-
ditions. To allow for continuity over the ribs with adjacent bays,
warping of the entire cross section is allowed at the panel end.

For panels designed to have a postbuckling reserve, two
modi� cations13 have been made. First, local buckling, considered
to be at any ¸ < l, is permitted to occur at some prescribed frac-
tion rL of the ultimate design load speci� ed by the user. Second,
for collapse, which can be caused by overall or torsional (stiffener)
buckling, the in-plane stiffnesses of the locally buckled plates are
reduced by multiplying the prebuckled stiffnesses by a factor rs ,
which can be preselected by the user.4;13 However, in this paper a
separate VICONOPT postbucklinganalysis7 was performed within
the optimization procedure so that values of rs were automatically
calculatedfor each plate in theassembly.Each valueofrs is obtained
by dividing the plate stiffness after buckling by its stiffness before
buckling, where each plate stiffness is obtained by dividing the av-
erage axial stress in the plate by the total axial strain at the neutral
axis of the panel. The von Kármán axial strain at the neutral axis of
each plate has a linear component because of the axial loading and
a nonlinear component caused by � exure. Because the total strain
is assumed to be uniform across the panel width, those plates sub-
jected to the greatest � exure will carry the least axial stress, leading
to low values of rs .

When a plate is loaded axially and its longitudinal edges are
required to remain straight, a nonuniformtransversestress distribu-
tiondevelops.This is composedof tensionand compressionregions,
such that integration along the length gives a zero transverse stress
resultant. Because the compression regions occur adjacent to the
nodal lines, that is, lines of zero out-of-plane displacement, while
tensionregionsoccuraroundthemidlengthof eachhalf-wavelength,
the tension region has a greater stabilizing effect than the destabi-
lizing effects of the compression regions. This is allowed for in
VICONOPT7 by loading the plate with a uniform (i.e., longitu-
dinally invariant) transverse tension equal to some fraction ¿ of
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the maximum transverse tension calculated from the postbuckling
mode. The value ¿ D 0:3 was chosen for the present work, based
on previous studies on stiffened panels.4;6 The later study4 showed
that a reduction of ¿ from a well-chosen value of 0.3 to a more
conservativevalue of 0.1 decreases the failure load by less than 7%.

IV. Example Design
This section � rst describes the realistic example design prob-

lem that has been used to verify the postbuckled design methodol-
ogy in VICONOPT. The optimum design results produced by VI-
CONOPT are then presented before comparison with the nonlinear
� nite element program ABAQUS and the strut model described in
Sec. II.

A. Problem De� nition
The problem used here is based on practical wing data used

previously14 to demonstrate the application of VICONOPT to opti-
mize panels that are constrainedfrom buckling below their ultimate
loads. For the work presented in the current paper, the design of a
single highly loaded compression panel at a location just outboard
of the engine has been considered. Here, the ultimate applied end
load per unit panel width, caused by a 2.5-g maneuvercase at cruise
speeds with full fuel, is 3.68 kN/mm, and the corresponding limit
load is 2=3 £ 3:68 kN/mm (2.45 kN/mm). To ensure that a practi-
cal design was obtained, a stiffener pitch of 150 mm, panel length
of 600 mm, and an inverted J-shaped stiffener were assumed. This
geometry is in practice in� uenced by manufacturing constraints,
and the values and cross section chosen are typical for a 150-seat,
twin-engine aircraft.The material used, aluminum 7075-T6, had an
elastic modulusof 74.99 GPa, Poisson’s ratio of 0.33, and densityof
2800 kg/m3 . In the VICONOPT and ABAQUS results that follow,
the panel was modeled assuming in� nite width.

B. VICONOPT Results
VICONOPT was used to produce a minimum mass design in

which no initial buckling occurred below the limit load, that is,
rL D 2=3, and only stable postbuckled behavior occurred between
limit load and ultimate load. The material was assumed to be linear-
elastic.

Table 1 Starting and � nal values of designed panel

Variable Constraint value Start End

bfr, mm ¸ 25 40 30.26
bw , mm 40 · bw · 65 65 49.02
bfa, mm 25 · bfa · 45 30 36.09
bs , mm D150¡ 2bfa 90 77.83
tfr, mm ¸0:5 5 3.95
tw , mm ¸0:5 3 4.73
tfa , mm ¸0:5 3 1.42
ts , mm ¸0:5 5 4.06
° D As =bts , —— 0.77 0.75
Mass, kg —— 2.23 1.78

Table 2 Summary of VICONOPT and ABAQUS results for the � nal VICONOPT design showing initial buckling
loads (and associated half-wavelengths) obtained using linear and nonlinear analyses, postbuckled collapse loads,

collapse modes, mid surface strains at limit load "limit and post-to prebuckling stiffness ratios (k¤=k) of the whole panel

Initial buckling, kN/mm Collapse "limit
Model ±0 Linear Nonlinear kN/mm Mode (¹ strain) k¤=k

VICONOPT Cl=1000 2.48 (l=5) —— 3.74 Overall 4800 (SK)a 0.68
Multibay 0 2.59 (l=5) —— 3.79 Overall 4600 (U)b 0.69

¡l=1000 2.73 (l=5) —— 3.65 Torsional 5300 (ST)c 0.70
ABAQUS Cl=1000 —— 2.48 (l=5) ¼ 3:52 Overall/skin 5010 (SK) 0.53
Single-bay 0 2.63 (l=5) 2.60 (l=5) ¼ 3:57 Overall/skin 4930 (SK) 0.54

¡l=1000 —— 2.70 (l=5) 3.63 Overall/skin 5390 (ST) 0.55
ABAQUS Cl=1000 —— 2.51 (l=5) 3.66 Overall/skin 4893 (SK) 0.56
Double-bay 0 2.60 (l=5) 2.61 (l=5) 3.79 Overall/skin 4823 (SK) 0.63

¡l=1000 —— 2.65 (l=5) 3.71 Torsional/overall 5542 (ST) 0.64

aSKD skin. bU D uniform. cST D stiffener.

The panel was modeled as a single repeating portion of width
b D 150 mm with one stiffener and simply supported ends, as
shown in Fig. 3. The model allowed for offsets between the
centerlines of connected plates.11 The panel was designed with
VICONOPT assuming a negative bow-type imperfection of am-
plitude ±0 D ¡l=1000, which increases compression in the stiffener
relative to the skin. Table 1 lists the seven independentdesign vari-
ables bfr , bw , bfa, tfr , tw , tfa, and ts . The breadth of the unsupported
skin was a dependent variable bs D b ¡ 2bfa. The cross-sectional
area of one stiffener is de� ned as As D bfrtfr C bw tw C 2bfatfa, and
the cross-sectionalarea of skin within one repeating portion equals
bts . The cross-sectionalarea ratio ° .DAs=bts/ and mass of one re-
peatingportionare also listed in Table 1. Twenty design cycles were
performed, but the panel mass had converged to within 2% of its
� nal value after just four cycles.

Although the design was carried out without explicit constraints
on strainor the valueof the ratio ° , analysisof the � nal panel con� g-
urationcon� rmed that all strainsremainedbelowtheassumedelastic
limit of 6770 ¹ strain at the limit load and that ° remained in the
range0:75 · ° · 1:00 which is typicallyacceptable in industry.The
� nal design also met all of the design requirements when modeled
as perfect or with a positive bow-type imperfection ±0 D Cl=1000.

The � rst part of Table 2 lists the VICONOPT analysis re-
sults for the � nal panel con� guration, assuming multibay con-
ditions. For all of the imperfection cases, VICONOPT predicts
initial buckling in a local mode (¸ D l=5). Under further loading
there is a stable postbuckling response until collapse occurs at
the initiation of buckling in another (nonlocal) mode. For a pos-
itive imperfection (±0 D Cl=1000) VICONOPT predicts collapse
at 3.74 kN/mm in an overall mode. For a negative imperfection
(±0 D ¡l=1000) VICONOPT predicts collapse at 3.65 kN/mm in
a torsional mode, which will precipitate overall failure. For zero
imperfection VICONOPT predicts collapse at 3.79 kN/mm in an
overall mode. Thus, in each case the collapse load is near or above
the design requirement of 3.68 kN/mm. Moreover, the peak strains
at limit load "limit are elastic. These peak strains are measured at the
midsurface of the plate in which the strain occurs. The last column
of Table 2 lists the ratiosof postbuckledto prebuckledstiffnessk¤=k
for the panel.The correspondingvaluesof rs for each plate are listed
in Table 3. It can be seen that the values for locally buckled skin

Fig. 3 Cross section of repeating portion of panel.
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plates are lower than would be obtained by consideringa plate with
similar boundary conditions in isolation for the reasons outlined in
Sec. III.

C. Finite Element Modeling
FE modeling was carried out using the package ABAQUS8 to

determine both the linear (bifurcation) and nonlinear15 buckling
behavior allowing comparison of the single- and double-bay FE
models with VICONOPT and strut model results. Two FE models
were developed,both using QUAD4 (S4R5) thin shell elements. To
approximate a panel of in� nite width, only two repeating portions
were modeled. The ±x , ±y , µx , µy , and µz degrees of freedom at each
node along one longitudinal edge (e.g., node A of Fig. 4) were set
equal to corresponding degrees of freedom of the equivalent node
on the other longitudinal edge of the model, for example, node B.
Imperfectionswere modeledby adjustingthe initialnodalgeometry,
and the mesh densitywas chosen so that each individualplate was at
least four elements wide. This mesh was suf� ciently � ne to model
local buckling.For the results of Secs. IV.D.1–IV.D.5, the effects of
material plasticity were not considered.

1. Single-Bay Model
The single-bay model used 4800 elements and was similar to

the one given in Ref. 4. This modeled the panel using a single
longitudinal portion of length l. The panel was simply supported at
the ends with the axis about which the end cross section of the panel
rotates coincidentwith the neutral axis of the unbuckledpanel. The
cross-sectionalgeometryof skin and stiffenerat theendsof the panel
was prevented from deforming using multipoint constraints. Axial
load was applied using point loads distributed so that the effective
load axis of the panel was along the neutral axis of the unbuckled
system. When the skin buckled, the load remained applied at the
neutralaxisof theunbuckledpanel.Thepanelwas analyzedto obtain
thebifurcationbucklingbehaviorof a perfectpaneland thenonlinear
behavior of both perfect and imperfect panels. The imperfect cases
used a sinusoidal overall imperfection of amplitude ±0 D §l=1000.

2. Double-Bay Model
In this case a 9600-elementmodel consistingof a portionof panel

of length 2l was created. As shown in Fig. 4, ribs, comprising an

Table 3 Final panel con� guration rs values for each plate

±0 Remote � ange Web Attached � ange Skin

Cl=1000 0.99 0.98 0.87 0.10
0 0.99 0.98 0.87 0.13
Cl=1000 0.99 0.98 0.88 0.17

Fig. 4 Double-bay FE model showing rib and panel boundary condition and longitudinal edge conditions to approximate an in� nite width panel.

additional 420 QUAD4 (S4R5) thin shell elements, were attached
to the panel skin at x D 0:5l and 1.5l. Cutouts in the ribs allowed the
stiffeners to pass freely, although, as shown in the enlarged section
in Fig. 4, each stiffener was connected to a rib using two rigid mul-
tipoint constraints. This set of constraints represents the cleat used
in practice to attach the rib to the upper � ange of the stiffener. The
side and upper edges of the ribs had clamped boundary conditions,
with displacementsin the x and z directionsallowed. At the ends of
the panel, the boundaryconditionsdepicted in Fig. 4 were imposed.
Axial load was appliedusing uniformend strain in the x directionat
one end of the panel,with displacement in the x direction restrained
at the other end. This resulted in load being applied (approximately)
along the neutral axis of the panel before skin buckling and at the
new neutral axis position after skin buckling. The stiffener webs at
the panel ends were restrained to remain vertical using multipoint
constraints.The ±z degree of freedom was not suppressedat the ribs
or panelends so that the bucklingand collapseloadswould not be re-
duced because of the Poisson’s ratio effect. The panel was analyzed
to obtain the bifurcationbucklingbehavior for the perfect panel and
the nonlinear behaviour for both perfect and imperfect panels. The
imperfect cases used a global imperfection that consisted of a com-
plete cosine wave, of amplitude ±0, along the length of the panel 2l.
When examining the results, the behavior of the portion of length l
between the ribs was considered.(A positiveimperfectionincreases
the relative compression in the skin compared with the stiffener for
this portion.)

D. Comparison of FE and VICONOPT Results
1. Initial Buckling

From the initial buckling loads given in Table 2, it can be seen
thatboth FE models,usinglinearanalysis,give slightlyhigherinitial
buckling loads for the perfect panel compared to the VICONOPT
solution, with the double-bay model giving the closer result. This
might be caused by the FE method slightly overestimatingthe stiff-
ness of the panel.Both FE models predict that the panelwill initially
buckle with � ve half-wavelengthsin the skin, which agrees with the
VICONOPT solution.

The nonlinear estimates of the initial buckling load for the two
FE models, of the perfect case, as seen in Table 2, are again slightly
higher than predicted by VICONOPT. The initial buckling mode
predicted is a skin mode with � ve half-wavelengths,matching both
the VICONOPT and ABAQUS linear solutions. However, unlike
the linear FE analysis, the single-baysolutionnow gives the best es-
timate, being within 0.4% of the VICONOPT solution.The double-
bay nonlinear initial buckling solution is almost identical to that
given by the linear analysis.

For the imperfect cases it can be seen that there is good agree-
ment between the VICONOPT and the FE nonlinear solutions for
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initial buckling, except in the case of the ¡l=1000 solution for the
ABAQUS double-bay model. Here ABAQUS predicts an initial
buckling load that is about 3% lower than the VICONOPT pre-
diction. It is thought that this is becauseof the shape of the negative
imperfectionapplied to the double-baymodel. This imperfectionin-
creases the compression in the skin at the ends of the panel, outside
the ribs, so that these skin sections buckle early inducing buckling
of the center section before it would otherwise occur. For all of
the linear and nonlinear FE analyses, the initial buckling load pre-
dicted is always greater than the initial buckling load requirement
of 2.45 kN/mm.

2. Collapse
The ABAQUS double-baysolutionsindicate that the panel design

reaches the design load (3.68 kN/mm) before collapse occurs, with
the exception of the Cl=1000 case, which can carry a load within
0.54% of the design load. The failure modes obtained by both the
VICONOPT and ABAQUS double-bay solutions are similar. Both
the Cl=1000 and the perfectcasespredict that failure is causedby an
overall mode. With the exception of the VICONOPT perfect case,
this failure mode also involves a stable interaction with the local
skin-buckling mode of the type shown in Fig. 5. For the ¡l=1000
case both methods indicate that failure is caused by a ¸ D l=2 tor-
sional mode, as shown in Fig. 6, which is potentially more serious
as this type of failure can be unstable.

Conversely,theABAQUS single-baymodel,for all cases,predicts
failure modes that are a stable interaction between the local skin
and the overall buckling modes, similar to that shown in Fig. 5.
Such failure modes result from the offset between the load and
neutralaxes thatoccurswhen the skin buckles,as discussedin Sec. I.
The effect of the offset, for the ¡l=1000 case, on the out-of-plane
displacement of the single-bay model compared to the double bay
model can clearly be seen in Fig. 7. These results were obtained
from the average vertical displacementof the two midlength nodes

Fig. 5 End-shortening plot and � nal deformed shape given by
ABAQUS double-bay model for the +l/1000 case.

Fig. 6 End-shortening plot and � nal deformed shape given by
ABAQUS double-bay model for the ¡¡l/1000 case.

Fig. 7 Midlengthout-of-planedisplacement ± for the ABAQUS single-
bay and double-bay models, illustrating the effect of the offset for the
±0 = ¡¡l/1000 case.

closest to the neutral axis of the unbuckledpanel on each stiffener in
the model. The FE single-baysolutions indicate that the design load
is not reached for any imperfection case, as a result of this effect.
As with the double-bay model, the Cl=1000 case has the lowest
collapse load, 4.2% below the design load. The precise collapse
loads are dif� cult to determine for the perfect and Cl=1000 cases as
the solution became asymptotic to the overall load of the reduced
stiffness panel for these cases.

3. Limit Strains
The midthicknesspeak strains predictedby ABAQUS at approxi-

mately the limit load are also given in Table 2. The ABAQUS strains
have been given for the closest nonlinear load step to the limit load.
The strain levels in the panel predictedby ABAQUS at midthickness
match reasonably well the strain levels predicted by VICONOPT.
Because strain is being measured at a load level where the effect
of the offset in the ABAQUS single-bay model has little effect, the
positions in the panel where the peak strains occur are the same for
both models.
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4. Stiffness Ratio
From Table 2 it can be seen that the predictionsof the panel stiff-

ness ratio (k¤=k) given by VICONOPT are 10–20% higher than
those given by the ABAQUS double-baymodel, where the greatest
differenceoccurs for the positive imperfectioncase. This difference
might be caused by the relatively high value of transverse tension
factor ¿ that has been used for the VICONOPT postbucklinganaly-
sis. Previous work16 has shown that reducing¿ will reduce the value
of k¤=k obtained, sometimes by a signi� cant amount.

5. Out-of-Plane Displacements
Figure 8 shows the midlength out-of-planedisplacement vs load

behavior given by the single-bay strut model and compares this so-
lution with the behaviorpredicted by the single-bayFE model. The
strut model used a value of esk D 4:334 mm, which was calculated
by assuming that the elastic modulus of the unsupportedskin of the
panel was multipliedby the factor rs D 0:133 when the unsupported
skin, width bs , buckled (0.133 is the average of the skin stiffness
reduction values given in Table 3). The overall buckling loads for
the full and reduced stiffness panels PE and PE;sk respectively and
the skin-buckling loads for the perfect panel were obtained using
VICONOPT; variation in skin-buckling loads with ± are given by
Eq. (6). There is good agreement between the strut and FE models
for thenegative,perfect,andpositiveimperfections.The resultscon-
� rm that failureis in thepositive± direction,that is, in anoverall/skin
mode in all cases.Figure 9 comparesthe midlengthout-of-planedis-
placements given by the mutlibay strut model and FE double-bay
model. Here, it can be seen that there are signi� cant differences in
the out-of-plane displacement predicted by the two methods after
skin buckling. For the ¡l=1000 imperfection both methods predict
a failure on the stiffener side, that is, in the direction of negative
displacement, but the FE solutions always have more positive am-
plitude at a given load level than the strut model results. Because
the perfect (±0 D 0) strut model shows no out-of-planedisplacement
following skin buckling, as should be the case, it is evident that, as
expected, the FE double-baymodel approximatesthe true multibay
conditions. To evaluate this difference, a small offset esk D 1:1 mm

Fig. 8 Midlength out-of-plane displacement ± for the single-bay
ABAQUS and strut models.

Fig. 9 Midlength out-of-plane displacement ± for the double-bay
ABAQUS and multibay strut models.

Fig. 10 Midlength out-of-plane displacement ± for double-bay
ABAQUS model and strut model with esk = 1.1 mm.

Fig. 11 Stress-strain relationship for aluminum 7075-T6.

was subsequentlyadded to the strut model for loads above Psk. This
shows good agreement with the FE solution (Fig. 10). (Note that
adding an additional overall imperfection term for loads above Psk

can instead be used to reduce the differencesseen in Fig. 9, but these
results are not given here.)

6. Material Plasticity
The effects of material plasticity were brie� y investigated in the

ABAQUS double-bay model by including the experimentally de-
rived stress–strain relationship for aluminum 7075-T6 (Fig. 11)
in the FE model. This gave initial buckling loads of 2.56 and
2.61 kN/mm for the perfect and ¡l=1000 cases, respectively, and
in both cases initial buckling was in a skin mode consisting of � ve
half-wavelengths.The primary effect of the material plasticity was
on the collapse loads, which for the two cases considered occurred
simultaneously with initial buckling, that is, at around 70% of the
ultimate design load, indicating that the actual panel has little or no
postbuckling reserve of strength. VICONOPT is currently not able
to model the effects of plasticity,which are signi� cant for the prob-
lem chosen, which is heavily loaded and has close values of initial
buckling load and material yield load. A more lightly loaded panel
would not be expected to present such proximity in loads. Such a
panelwould be designedwith a thinner skin: because stiffener spac-
ing is generally kept � xed along the wing and skin-buckling load is
directly proportional to the cube of skin thickness. Thus the skin-
buckling load for such a panel would be substantially lower than its
yield load, which is directly proportional to skin thickness. A more
lightly loaded panel would therefore be expected to exhibit linear
material behavior well into the postbuckled range. Nevertheless, it
is important to warn designers of the dangers of ignoring material
nonlinearity when optimizing heavily loaded panels.

V. Conclusions
VICIONOPT has been used to design a panel for which skin

buckling occurs at 68% of ultimate load. The assumptions made
representmultibayaerospaceapplications,in the sensethat the panel
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is continuousover rib supports, and load is applied via uniform end
shortening.

Comparisons of the results of an elastic VICONOPT multibay
model and an elastic ABAQUS double-baymodel of the preceding
design indicateagreementof better than 3% on initial bucklingloads
and 2% on collapse loads, despite up to 20% differencebetween the
postbuckled stiffnesses of the two models. The panel collapses in
a stiffener-bucking mode when an overall sinusoidal imperfection
causing increased stiffener compressionis present. Such a failure is
not seen in a single-baymodel of the panel, indicatingthat there are
signi� cant phenomenologicaldifferences between postbuckling of
single-, double-, and multibay panel models.

VICONOPT is suited to preliminary design, because it uses only
50 strip elements for this problem(whereasABAQUS requires9600
shell elements).However, the program cannot currentlyaccount for
the effects of material nonlinearity.
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